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1 Introduction 



Noncommutative gauge theories are known to arise as low energy limits of (super) string theory 
[1, 2], and they are interesting on their own as examples of nonlocal theories. One of their 
intriguing features is that noncommutative U(N) gauge theories, considered as effective de- 
scriptions of the dynamics of D-branes with Neveu-Schwarz backgrounds, are known to have a 
dual description in terms of fields with ordinary gauge invariance [1]. This equivalence, which 
can be traced back to the possibility of choosing different yet equivalent regularisations of the 
D-Brane effective action, can be formulated by means of a map which relates noncommutative 
and ordinary gauge fields in a way consistent with their respective gauge symmetries, so that 
orbits of noncommutative gauge transformations are mapped into orbits of ordinary gauge 
transformations. These maps are called Seiberg-Witten maps. Their role linking different DBI 
actions has also been shown to hold, at least to a certain approximation, in the N = 1 super- 
symmetric case [3]. In principle, this equivalence holds for the D-Brane effective actions, but 
one may wonder whether it also holds, at the quantum level, for the noncommutative gauge 
theories that do not involve the higher order terms present in the DBI actions. 

The idea of mapping noncommutative to ordinary gauge symmetries was the starting point 
for the formulation of noncommutative gauge theories for arbitrary gauge groups by means 
of Seiberg-Witten maps pioneered in refs. [4, 5, 6]. In the "standard" formalism, closure 
under gauge transformations restricts the gauge groups to be U(N) and the representations 
to be (anti-) fundamental or bi-(anti)-fundamental, while the formalism which makes use of 
Seiberg-Witten maps, also referred to as the enveloping algebra formalism, makes it possible 
to consider arbitrary gauge groups and representations by mapping the enveloping-algebra 
valued noncommutative gauge fields to ordinary Lie-algebra valued gauge fields. 

The quantum properties of noncommutative gauge theories, both in the standard and 
enveloping algebra approaches, have been analysed in many works. Concerning the stan- 
dard approach, nonsupersymmetric noncommutative U(N) Yang-Mills theories are plagued by 
pathological IR divergences coming from the UV/IR mixing effect [7], which are suppressed 
in the large N limit, in which only planar diagrams contribute and the sole effect of noncom- 
mutativity is producing phase factors depending on the external momenta which can be taken 
out of the loop integrals. Noncommutative supersymmetric gauge theories [8] exhibit a bet- 
ter behaviour in the infrared, as the problematic divergences are milder or altogether absent 
[9, 10, 11]. These milder noncommutative IR divergences are logarithmic and can be integrated 
leading to a consistent renormalisable supersymmetric noncommutative Wess-Zumino [12] and 
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most likely to consistent renormalisable, or even UV finite, supersymmetric noncommutative 
U(N) theories [13, 14]. A noncommutative extension of the MSSM has been put forward in 
ref. [15], which contains more "particle" states than the ordinary MSSM due to the noncom- 
mutative anomaly cancellation conditions [16, 17] and other noncommutative requirements. 

On the other hand, concerning the theories defined by means of Seiberg-Witten maps, 
they are known to have gauge anomaly cancellation conditions identical to their commutative 
counterparts [18], and their renormalisability properties have been studied in a wide number 
of papers [19, 20, 21, 22, 23, 24, 25, 26, 27]. The results can be summarised as follows: 
pure gauge theories, U(l) or SU(N), are one-loop renormalisable at least to first order in 
the noncommutativity parameters. The introduction of matter fields in the form of Dirac 
fermions or complex scalars in arbitrary representations (but such that the matter Lagrangian 
in terms of noncommutative fields does not involve a covariant derivative with a star-product 
commutator), does not spoil the renormalisability of the gauge sector of the theory; however, 
the full theory seems to be nonrenormalisable in all cases analysed. These cases for which the 
renormalisability of the matter sector has been addressed are: Dirac fermions with gauge groups 
U(l) [20, 21] or SU(2) in the fundamental representation [22], and U(l) complex scalars [25]. 
Renormalisability is spoilt by the appearance of divergences in matter field Green functions 
which cannot be removed by multiplicative renormalisations or field redefinitions. There is still 
no definitive answer concerning whether other types of matter fields or representations could 
overcome this problem, despite promising results concerning chiral fermions [27]. Still, the 
renormalisability properties of theories with Majorana fermions or/and covariant derivatives 
involving a star-product commutator have not been studied. Moreover, supersymmetry could 
be expected to make some divergences go away. However, though generally supersymmetry is 
associated with a cancellation of divergences between bosonic and fermionic degrees of freedom, 
and noncommutative U(N) theories defined by means of Seiberg-Witten maps have been shown 
to be compatible with supersymmetry, it turns out that the latter is realised nonlinearly in 
the ordinary fields [3], and thus it is not clear how it will affect divergences. 

Comparing the quantum properties of noncommutative theories in both the standard and 
enveloping algebra approaches raises interesting questions regarding their equivalence for U(N) 
gauge groups, for which the Seiberg-Witten map establishes a classical equivalence. The 
different gauge anomaly cancellation conditions makes this equivalence doubtful in the presence 
of chiral fermions, at least when noncommutativity is treated perturbatively. In the case of 
theories without matter, the equivalence has been found to hold for noncommutative Chern- 
Simons [28] -a theory which is UV finite-, whereas for other gauge theories with or without 
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matter there is no concluding evidence, since on the side of the enveloping algebra approach 
the theories studied have exclusively U(l) and SU(N) gauge groups, while to make contact 
with the standard formalism one should consider U(N) in the large N limit, in which the 
theories, at least at the one-loop level, are supposed to be well behaved and renormalisable for 
infinitesimal noncommutativity. 

We have so far identified several issues that needed further investigation. On one hand, the 
renormalisability properties, both for the gauge sector and the full theory, of noncommutative 
theories defined by means of Seiberg-Witten maps with Majorana fermions and/or involving 
a covariant derivative with star-product commutators and/or supersymmetry. On the other 
hand, the equivalence at the quantum level of the standard and enveloping algebra approaches 
for supersymmetric noncommutative U(N) gauge theories in the large N limit, i.e., the quantum 
duality of supersymmetric noncommutative U(N) formulated in terms of noncommutative fields 
and the supersymmetric theory, whose fields are ordinary gauge fields carrying a nonlinear 
realisation of supersymmetry, obtained from the former by using the Seiberg-Witten map. 

The aim of this paper is to address some of the open issues mentioned earlier by analysing 
the renormalisability properties of Af = 1 U(N) super Yang-Mills in the enveloping alge- 
bra approach, with the ordinary fields taking values in the fundamental representation of the 
gauge group. First, the theory has a Majorana fermion with a covariant derivative involving a 
star-product commutator; supersymmetry is also present for the noncommutative fields, and 
it is inherited by the ordinary fields albeit in a nonlinear fashion. Secondly, since we have a 
U(N) gauge group in the fundamental representation, the theory can also be formulated in the 
standard approach, in which case, in the large N limit, it is renormalisable and well-behaved 
for small noncommutativity. We will analyse whether one-loop renormalisability in the back- 
ground field gauge is achieved at least for large N. Further, in order to complement previous 
research regarding theories with simple gauge groups, we will study the renormalisability prop- 
erties of the SU(N) model that results from eliminating the U(l) degrees of freedom in the 
U(N) theory, with the goal of seeing whether the modified field content and interactions yield 
a better behaviour at the quantum level. To tackle these problems, we will compute the diver- 
gent part of the one-loop effective action at first order in the noncommutative parameters Q^ v , 
using the background field method in the background field gauge and dimensional regularisa- 
tion, and we will study whether the divergences can be removed by appropriate multiplicative 
renormalisations of the parameters of the theory plus nonmultiplicative field redefinitions. 

The paper is organised as follows. The model and the background field method are in- 
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troduced in section 2. Section 3 is devoted to the computation of the full divergent part of 
the one-loop effective action: first, a method is outlined which allows to obtain the full result 
by calculating a minimum number of diagrams, whose divergent parts are then computed in 
dimensional regularisation; following this the full gauge invariant expression is finally recon- 
structed. The renormalisability of the theory, both for arbitrary finite and large N, is studied in 
section 4, and then conclusions are drawn in section 5. Two appendices are included, the first 
one with some Lie and Dirac algebra identities, and the second one displaying the Feynman 
rules employed in the computation. 



2 The model and the background field method 

The action of the model, in terms of noncommutative fields, is the following, 

S = [ dh-^TrF^F^+^TrAp+A, F^ = d,A u -d u A,-t[A„ A u ]„ = d,-i[A„ ]*, 
J ^9 9 

(2.1) 

where the fields take values in the enveloping algebra of U(N), A, = A A T A , A = A A T A and 
A is a Majorana spinor (see appendix A for conventions). The U(N) fields will be taken in the 
fundamental representation. The noncommutative product * is the usual Moyal product, 



a*6 = aexp ^-9^8 ,d v 
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with h setting the noncommutative scale. The model has Af = 1 supersymmetry in terms of 
the noncommutative fields; it can be formulated in terms of a noncommutative vector superfield 
in the Wess-Zumino gauge. 

The noncomutative fields are defined in terms of U(N) Lie algebra valued ordinary fields, 
which we denote by o M , I, by means of the following Seiberg-Witten maps, 

A, = a M - ^{a Q , dpa^ + f^} + he, + 0(h 2 ), 

A =1 - V^K, 2D p [ + i[a p , I]} + h£ + 0(h 2 ), (2.2) 

where — — i[a M , ], f MI/ = d,a u — <9^a M — i[a M , a„], and 6 M , £ represent the ambiguities 
in the map at order h, given by sums of terms which involve a contraction with 9^, have the 
appropriate mass dimensions and transform in the adjoint representation of the gauge group; 
they can be argued to be equivalent to field redefinitions, as will be seen in section 4. 
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We will work with the following decomposition of the U(N) fields in the fundamental 
representation into their SU(N) and U(l) parts: 



2N ^ V2N 

I = \ a T a + u—^=. (2.3) 



f 2N 

This will allow us to study the properties of both the U(N) theory and the SU(N) theory that 
results from suppressing the U(l) degrees of freedom b^,u. 

We will argue in the next section that, for the purpose of checking renormalisability, it suf- 
fices to compute the divergent part of the effective action ignoring at tree-level the ambiguities 
(5 M , £ of the Seiberg-Witten maps in eq. (2.2); the ambiguities, however, have to be taken into 
account when considering the allowed counterterms. The action in terms of ordinary fields, 
after expanding (2.1) with eqs. (2.2) with (5 M = £ = 0, turns out to be the following 



S=S® + hSW +0(h 2 ), 



S(0) = ~2^J d4x Tr W + ^J d4x TrT ^ [ > ( 2 - 4 ) 

In the previous action, all the noncommutative terms involve traces of the type 
TrT A {T B ,T c } = \d ABC (see appendix A). For N < 3 , the SU(N) part of the Lie alge- 
bra, for arbitrary representations, has d abc = , which means that the SU(N) theory obtained 
by eliminating the U(l) degrees of freedom is, to order h , equivalent to its commutative limit. 
Therefore, when studying the SU(N) theory we will only consider N > 3 . As shown in ref. 
[3] (see also [29]) the fields in the action in eq.(2.4) carry a nonlinear realisation of M = 1 
supersymmetry which define supersymmetry transformations that leave that action invariant. 

In the enveloping algebra approach, quantisation is performed on the ordinary fields. In 
order to compute the effective action with the background field method [30] , we split the gauge 
field in a background part 6 M and a quantum part q^, 

«V = b n + %■ ( 2 - 5 ) 
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A gauge transformation of o M , 5a^ = D^c, can be generated by two types of transformations 
of the fields b, q : 

Quantum gauge transformations: 5q^ = D[q]^c, 5b^ = — i[b^,c], D[q]^ = <9 M — i[q^, ], (2.6) 
Background gauge transformations: 5q^ = — i[q^, c], 5b^ = D[b]^c, D\b}^ = <9 M — i[b^, ]. (2.7) 

In order to quantise q with the path integral formalism, a gauge fixing procedure is needed for 
the transformations in eq. (2.6). The background field method relies in a clever choice of the 
gauge-fixing function which is covariant under the transformations (2.7). With the gauge-fixing 
choice G = D^q 11 = 0, the gauge-fixing and ghost action are the following 

S Bf = PiV) 2 , S gh = J d^xcDfD^c. (2.8) 

Quantising the fields g M , [, I, the generating functional of the background Green functions is 
given by 

Z[J, a, &;b} = J [dq][dl}[di] exp[i(S[b + q, 1,1} + S gf [q; b] + S gh [c, c, q; b] + + al+l&)}, 

(2.9) 

where J, a, a are sources for the gauge field and Majorana fermions. Note the use of "~" to 
distinguish the background currents and functional generator Z from the ones defining the 
true Green functions of the theory, when the splitting of eq. (2.5) is not used and functional 
integration is performed over a. The generator of connected background Green functions is 
given by 

W[J, a, a; b] = —i\iaZ[J, a, a; b}. 

Defining the background classical fields as 

__ 5W ~ SW |_ SW 
q 5 J 1 Sa ' S& ' 

then by performing a Legendre transformation we get the functional F which generates the 
1PI connected background Green functions: 



f[q,ll,b} = W[J,a,a;b}- 




(2.10) 
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In a similar fashion, without using the splitting of eq. (2.5), one can define the true Green 
function generators Z[J, a, a] and W[J, a, a] as well as the true classical fields a, [,T. Stan- 
dard formal manipulations show that the effective action of the theory T[a, l,T] is related to 
f[q, 1,1; 6] of eq. (2.10) by the following identity [30]: 

r[a,U] = f[0,U;&]| b=aMl=t , (2.11) 

where T is computed with an unusual gauge-fixing. From the r.h.s. of eq. (2.11) it is clear 
that the effective action is obtained by calculating the background effective action for the 
Majorana fields after integrating out the quantum fields q, with the background fields 
taken as external sources. We thus can write 

r[a,i,f]= /^y_i-f[a] (fe) . . . nt^rpf, 

L J / ^ 2 k (k\) 2 n,..,« fc , 3i,-,3k, J-J- H J-J- J p 

k A u ..,A k , Bi,..,B fc 1=1 P =1 

where the factor (k\ 2 ) takes into account the permutations of the I's and T's, while the factor 
2 fc comes from the fact that, since the Majorana fermions are self-conjugate, it is always 
possible to interchange one 1 with an [. f[ap is nothing but the sum of background 1PI 
diagrams with k fermionic legs, k anti-fermionic legs and no quantum gauge field legs, and 
with the background field b renamed as a. Expanding r[a]( fc ) in the number of background 
gauge fields, one gets 

r[a, 1 1] = / d^yy-^t {n : k) . . . fnf p ff *? m - ( 2 - 12 ) 

L ' J ^ ^ 2 k (k\) 2 W>".«fc, 31,-,Jk, HU-;Hn J-l H 11 Jp 11 Mm v > 

k n A u ..,A k , B 1: ..,B k C u ..,C n 1=1 P =1 m=1 

In the previous formula r( n,fe ) is equivalent to a background 1PI diagram with n background 
gauge field legs, k fermionic legs and k anti-fermionic legs. Note that our definitions do not 
involve any symmetrisation over the background gauge fields. Symmetrising over them we can 
make contact with the usual expansion of the effective action in terms of 1PI Green functions: 

r[a,i,t] = Id'x VV^r M . . . TVtWt IT 

L 1 J ^ ^ n\2 k (k\) 2 n,~,i k , n,-,3k, w, ••,/*« J-l n 11 3 P 11 Mm' 

k n A u ..,A k , B u ..,B k C lt ..,C n 1=1 P =1 m=1 

where T^ n ' k \ which is obtained from T^ n ' k ^ by summing over the permutations of the back- 
ground gauge fields, is the 1PI Green function with n gauge fields and k fermion pairs. 

The advantage of using background diagrams coming from the functional generator in 
eq. (2.9) is that T[0, [,T;6] is gauge invariant, so that the effective action r[o, [,!] is indeed 
gauge invariant. As explained in the next section, this can be used to simplify the computation 
of the divergent part of the effective action. 
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3 Computation of the divergent part of the effective action 

The aim of this section is to compute the divergent part of the effective action at first order in 
h9, by calculating the background 1PI diagrams r*" - '^ with no external quantum gauge fields 
of eq. (2.12) using the Feynman rules associated with the functional generator in eq. (2.9). 
These rules can be derived from the expressions for the action, gauge fixing and ghost terms 
given in eqs. (2.4), (2.8), keeping in mind the splitting (2.5). 

Before plunging into the computation, we will justify a number of simplifications that do not 
imply a loss of generality on the final result concerning the regularisation and renormalisation 
of the theory. 

• We shall carry out our computations in dimensional regularisation with D = 4 — 2e -it is 
always advisable to keep an eye on dimensional reduction. That this regularisation does 
not preserve supersymmetry will have no bearing on our conclusions since our compu- 
tations are one-loop and the inclusion of the e -scalars of dimensional reduction to turn 
our dimensionally regularised theory into a theory regularised by dimensional reduction 
-and thus supersymmetric- will not modify the value of UV divergences that we will 
compute, but will add new ones which would be subtracted by introducing counterterms 
made out of "evanescent" operators and couplings -see ref. [31, 32] for further details. 

• Choice of gauge a — 1 in the gauge-fixing term in eq. (2.8). This choice of gauge simplifies 
the gauge field propagator. This brings up the question of whether, if problematic 
divergences appear for a — 1 that make the theory nonrenormalisable, the consideration 
of an arbitrary a might help remove these divergences. The answer is negative whenever 
any of the problematic divergences appearing at a = 1 do not go away on the mass shell. 
This is due to the results in ref. [33] (see also [34]) which establish that the background 
field effective action is independent of the gauge-fixing term if the background fields 
are on shell. Thus, when the background fields are on shell any divergent contribution 
remaining will be independent of any gauge-fixing term that we chose. 

• Setting to zero the tree-level ambiguities ©^,£ of the Seiberg-Witten map of eq. (2.2). 
This choice simplifies greatly the computation of the diagrams, though when studying 
renormalisability one can still contemplate infinite renormalisations of (5 M , £, which tan- 
tamounts to consider the most general field redefinitions that cannot be reabsorbed by 
gauge transformations, as will be explained in section 4. Again, one may still object that 
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considering arbitrary (5 M , £ at tree level might be of use to cancel possible pathological 
divergences (i.e., that cannot be removed by field redefinitions or multiplicative renormal- 
isation) appearing for g^ roe = £*ree _ q _ This possibility is precluded by the arguments 
presented in ref. [35], proven there for a specific model but expected to have general 
validity. In this reference the authors claim that, given a theory which is multiplicatively 
renormalisable, then by quantising the theory after performing a field redefinition, the 
divergences in terms of the new fields can be reabsorbed by the same multiplicative renor- 
malisations of physical parameters as in the original case, plus infinite field redefinitions. 
In our case, we worry about possible divergences at order hO for ©^ ree = £ tree = which 
cannot be removed by infinite field redefinitions. The theory at order h° is known to 
be multiplicatively renormalisable, and considering arbitrary ©^ ree , £ tree is equivalent to 
performing finite field redefinitions of order h on the ordinary fields a M , I, I. Thus, the 
additional divergences dependent on &^ ce , £ tree that might appear would be equivalent 
to infinite field redefinitions and therefore by assumption would not be useful to cancel 
the original problematic divergences at @^ rce = £ trcc = 0. It follows that the conclusions 
about the renormalisability of the theory obtained for &™ e = £ tree = have a general 
validity. 

• Computing a minimum number of diagrams. The use of the background field method 
guarantees that the result for the effective action will be gauge invariant. Furthermore, 
its divergent part computed in dimensional regularisation will be local. Thus, if one 
chooses a basis of all possible local gauge invariant terms up to order h, the divergent 
part of the effective action will be a linear combination of these terms. The coefficients in 
this linear combination can be determined by identifying its contributions with any given 
number and types of fields with the poles in the dimensional regularisation parameter e 
of the corresponding 1PI Green functions with the same number and types of external 
fields. By appropriately choosing the basis, it can be guaranteed that the contributions 
to its elements with a minimum number of fields are also independent of each other, 
so that the unknown coefficients in the expansion of the divergent part of the effective 
action in terms of the basis can be determined from the diagrams with lowest number of 
fields. 

We have thus argued that we can determine unambiguously the renormalisability of the 
theory by computing the effective action for a — 1, &^ ee = £ tree = . Under these assump- 
tions, the Feynman rules relevant to our computations are those given in appendix B; they use 
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a compact notation for the Lie algebra indices, following ref. [36, 37], in which the U(N) field 
expansion in the Lie algebra generators in the fundamental representation is taken as 



„ ArpA 



where T A = {T°,T a }, with T° = ^- the U(l) generator and T a denoting the SU(N) 
generators; more details are given in appendix A. This allows to compute simultaneously 
diagrams involving both SU(N) and U(l) fields, and the results for the SU(N) theory can also 
be easily obtained by setting the external "A" indices to SU(N) indices "a", and by taking 
care to drop the contributions of U(l) indices in terms involving contractions of internal U(N) 
Lie algebra indices "A". 

Let us start by identifying the diagrams that need to be computed by constructing the 
appropriate basis of local gauge invariant terms whose integrals are independent. We use 
the decomposition in eq. (2.3). Local gauge invariant terms are then constructed from traced 
products of the field strengths and fermion fields and their covariant derivatives; we can classify 
them in three sectors: SU(N) sector -only including fields in the Lie algebra of SU(N)- U(l) 
sector, and mixed sector. A list follows: 

SU(N) sector: 



t 
t 
t 

U(l) sector: 



tl 


= e^Trf^r, 


t 2 




*3 


= 6 al3 Ti\ la D 2 Dp\, 


U 


= 6^TiX la ^D 2 D,X, 


*5 


= 9^Tr\^{f^,D a X}, 


h 




t 7 


= afi Tr\>ya{ffr,D' i \}, 


h 


= r /3 TrA 7a /{ J DV^,A}, 


t 9 


= 9<#Tr\ lo r{Dpf pa ,\}, 


tio 


= e^TrX^[D,f^,X}, 


11 


= e a ^rX la [D^f^,X), 


tl2 


= ^TrA 7a /[/^,^A], 


1? 


— O^TrXja^lfpa, DpX], 


tu 


= B afi Tr\ lo r[ff itn D p \], 


15 


= ^TrA J (7 Q ) JJ [{A fc ,( 7 ^A) fc },A,], 


tl6 


= ^TrA,( 7 ^) y -[[A fc ,( 7 ^A) fc ],A, 



(3.1) 



ui = e^g aP g^g^ 
u 7 = e^u-fad^ug^, 



u 2 = 6 a Pg ail gp v g»\ 
u 5 = e^uYdaUg^, 
u s = e a/3 u la ^ud v g^, 



u 3 = 9 af3 u-f a d 2 d p u, 

u 6 = O^uYd^ug^ (3.2) 

u 9 = Q^u lo rudng pc . 
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Mixed sector: 



Vl 


naf3rp rfiis r 
- V ^ I-Tgapj J/J.U, 


V2 


na/3rp uv f f 


V3 






r\ c\ R r~m c pi 11/ 

= 9 a "Trg^f a(3 f' IU , 




= 9 afJ TiuYf^D a K 


v& 


P\ f\ /? r~m — 11 f \ 

= e ap Tm^f al3 D^X, 


v 7 


= 9 a(S Tru^D p f af3 X, 




= O^Tru^f^X, 


V9 


= 9 al3 Tru la D»f^X, 


VlO 


= 9 a(S Tru la ^D»f, u X, 


Vu 


= ^Tra 7a /i^/r A, 


V12 


= 6 a/3 Tru la ^Dpf pa X, (3.3) 


Vl3 


= 0^Tru la ^f pa D p X, 




= e^Truj a ^f fia D p X, 


V15 


= O^TrXr D a Xg^ : 


vie 


= e^TrXYD^, 




= e af} Tr~X la D»Xg^, 


Vl8 


= ^TrA^/AcT^, 


Vl9 


= 9^X la ^Xd g p<J . 











In the formulae above, "Tr" denotes the trace over the SU(N) generators. The list of terms 
spans modulo total derivatives all the possible gauge invariant terms of order h9 tJ,u with the 
appropriate dimensions with zero or two Majorana fields. Again, the Majorana properties (A. 3) 
and (A. 4) have been used, so that any term with two Majorana fermions not present above 
can be expressed as a linear combination of the ti,Ui and Vi, again modulo total derivatives. 
In the case of terms with four Majorana fermions, ti 5 and t\ e do not span all the allowed 
contributions, but the missing ones will play no role in our calculations and we will safely 
ignore them. 

The contributions to the previous list of terms with a minimum number of fields are inde- 
pendent of each other, which, as explained before, allows to fix the coefficients of the expansion 
of the divergent part of the effective action, Y dm , in terms of the U,Ui,Vi by computing only 
the 1PI diagrams with the least possible number of fields. Let us identify the diagrams that 
need to be computed, using the notation in eq. (2.12) for the 1PI background Green functions. 

At order h°, the possible gauge invariant terms are Tr f^f^ and TrA-pA . Thus, using the 
notation of eq. (2.12) only the diagrams contributing to r^ 2,0 - 1 -with two external background 
gauge field legs- and f^ 0,1 ) -with two external quantum fermionic legs- need to be computed. 
At order h, we have, schematically, the following types of terms: 

• Terms of the type TrOfff, Tr9gff, 9ggg, which are spanned by t±,t2, u±,U2 and V1 — V4 
in eqs. (3.1) ,(3.2) and (3.3), whose contributions with three gauge fields are independent. 
Thus it suffices to compute diagrams with three external gauge fields, contributing to 

f( 3 >°) . 

• Terms of the type Tr9XD 3 X,9ud 3 u, which are spanned by £3^4 and 113,114 in eqs. (3.1) 
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and (3.2). They involve at least two fermionic fields, so that their coefficients in the 
expansion of T dtv can be fixed by computing f 1 *- 0,1 ^, which arises from diagrams with 
two fermionic legs. 

• Terms of the type -neglecting ordering- TrOXDfX, Tr8XfDX, Oudgu, Ougdu, TruDfX, 
TrufDX, TrXDXg,TrXXdg, which are spanned by t 5 — t u , -u 5 — u 9 , v 5 — v i 9 in eqs. (3.1), 
(3.2) and (3.3). Their contributions with one gauge field and two Majorana fields are 
again independent, so that it suffices to compute the diagrams contributing to P 1 ' 1 ), 
i.e., with one background gauge field leg and two quantum fermionic legs. 

• Terms of the type Tr#AAAA, such as ti5, ti6 i n eq. (3.1). Though tis, ti6 do not span 
all possibilities, it is clear that the computation of I^ 0,2 ) (diagrams with four external 
fermionic legs) will completely determine the corresponding contribution to the effective 
action T . 

Summarising, at order h the only diagrams that have to be computed are those contributing to 
the 1PI Green functions T^ 3 '°\ P ' 1 ), r( 1 ' 1 ) and n ' 2 ) . We proceed in the next sections, using 
dimensional regularisation at D = 4 — 2e dimensions, with the Feynman rules displayed in 
appendix B. The calculations are quite involved and were done with the symbolic manipulation 
software Mathematica . 



3.1 Commutative limit 



Here we quote the known commutative result for the dimensionally regularised divergent part 
of the effective action: 

ns™ = J d " x - iCI Tr [ - f'^i + /^isk^***]- < 3 - 4 > 

For simplicity, we suppressed the symbols with which we denoted the classical fields in 
section 2; we will keep doing so in the rest of the paper. Note that the divergent part only 
involves the SU(N) fields a, A, since the U(l) sector is free in the commutative limit. In fact, 
since the U(l) sector is free, in the SU(N) case the result is identical, 

pord,div -pord,div /q r\ 

1 [SU(N)] ~ 1 [U(N)]- y 6 - ) 



3.2 Noncommutative contributions to r^ 3 ' ) 



The diagrams that contribute are shown in Fig. 1. Note that, though we did not provide in 



13 



Figure 1: Diagrams contributing to r^ 3,0 ) at order h. 



appendix B the Feynman rule for the vertex appearing in the first diagram, this diagram is 
directly zero since it involves an integral of the type 



> < 1 L i I'- 



ll 11 1 



(3.6) 



which vanishes in dimensional regularisation. 



The results for the diagrams are too lengthy to be displayed here individually. We will 
quote the final expression for the contribution to the divergent part of the effective action in 
position space: 



iT 



(3,0),NC,div 



[U(N)j 



A U A 2 ,A 3 



a Al a M a Aa 



3g 2 Nh 
' 167r 2 e 



1 1 " 

T~zti ^2 



r 



+ 



2g 2 Nh 
167r 2 e 



Ag 2 V2N 



( Vl + 2v 4 ) - 



9 Z 



'2N 



(v 2 + 2v 3 



baa 



(3.7) 



+ 0(h 2 ), 



where " \ aaa " and \ baa " denote the contributions with lowest number of fields, i.e., three SU(N) 
gauge fields and one U(l) and two SU(N) gauge fields, respectively. Recall that the t i: u i: Vi 
are the gauge invariant terms defined in eqs. (3.1), (3.2) and (3.3). To get the SU(N) result, 
the external Lie algebra indices of the diagrams have to be set to SU(N) indices, and any U(l) 
contributions to internal contractions have to be eliminated. It turns out that all diagrams 
involve contractions of the type appearing in eq. (A.l) of appendix A, which, when setting the 
uncontracted indices to SU(N) indices, do not involve any contributions from internal U(l) 
indices. This is equivalent to saying that the U(l) fields do not run in the loops when the 
external fields are the a® . From this we conclude that the SU(N) result is obtained from 
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eq. (3.7) by simply setting to zero the U(l) fields: 

3g 2 Nh 



.f,(3,0),NC,div 
U 



a a }a a la as 



[SU{N)\ 



Mi.W.W " 1 ^ w 167r 2 e 



1 1 

TT^l 9^2 



+ 0(/i 2 ). 



01,02,03 



(3.8) 



3.3 Noncommutative contributions to f 

The diagrams contributing to the f^ 0,1 ) Green function at order 9 are shown in Fig. 2. The 




Figure 2: Diagrams contributing to r^ 0,1 ) at order h . 



first diagram is zero as it involves again an integral of the type shown in eq. (3.6). For external 
colour indices A, B, it is easily seen that the rest of the diagrams are zero since they are 
proportional to either f A c D d BCD = or f B c D d ACD = . To get the SU(N) result one has 
to set the external indices to a, b and drop any U(l) contributions in the contractions of 
the internal indices. However, since f bCD d aCD — jbcd^acd^ no u(l) contributions must be 
eliminated, and the same argument as before applies. Therefore, 



p(0,l),NC,div 
1 [U{N)\ 



f,(0,l),NC,div 
[SU(N)] 



(3.9) 



3.4 Noncommutative contributions to f t 1 ' 1 ) 



The diagrams contributing to the T* 1 ' 1 ) Green function at order 9 are shown in Fig. 3. Again, 
we will write down the final result of the lengthy computation: 



1 p(l,l),NC,div 
L V " A,B,C 



iNh 
167r 2 e 

iNh 



1 1 1 

4 te " 2 h ~ 8 t8 



16 



1 



+ 



167r 2 e \y/2N 
iNh ( 1 



aXX 
1 



-Vl2 



auX 



(3.10) 



lQn 2 e\J2N 



13 3 

Vl5 + 2^16 + ^18 + ^19 



bXX 



0(h 2 ). 
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Figure 3: Diagrams contributing to r^ 1 ' 1 ) at order h . 



To get the SU(N) result, using the same arguments as in the previous subsection it suffices to 
set the U(l) fields to zero: 



«_p(l,l),NC,div 



iNh rl 



[sum 



a, 6, c 



167r 2 e 



aAA 



+ 0(h 2 



(3.11) 



3.5 Noncommutative contributions to T^ ' 2 ^ 



The diagrams that contribute are shown in Fig. 4; it is easily seen that the box diagrams are 
finite since, though they would appear to be logarithmically divergent, one of the momenta 
in the noncommutative vertex is always external, as can be seen from the Feynman rule in 
appendix B. The final result is as follows: 



1 p(0,2),NC,div 

16 ium f-> u) 



ZiNh 
5127r 2 e 



t w + 0(h 2 ). 



(3.12) 



16 



i,A k,C 



P 




+ three perm, of momenta and indices 



C k ,k= 1...16 

Figure 4: Diagrams contributing to H 0,2 ) at order h . 

Again, for external SU(N) fields no U(l) fields run in the loops, and the SU(N) result is 
identical. 



— r 



(0,2),NC,div 



\a \c \ b \d 

A; Ah. A/. A 



a, 6, c, d 



3iNh 
5127r 2 e 



t 16 + 0(h 2 ). 



(3.13) 



3.6 Final expression 

From the previous discussions and the notation employed in the results of the 1PI Green 
functions in eqs. (3.7), (3.9), (3.10) and (3.12), which are expressed as the contributions with 
the lowest number of fields of linear combinations of the gauge invariant terms ti,Ui,Vi of 
eqs. (3.1), (3.2) and (3.3), it is clear that the final result for the first-order noncommutative 
correction to the divergent part of the one-loop effective action is simply given by the integral 
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of a sum of the t^u^Vi with the same coefficients as in eqs. (3.9), (3.7), (3.10) and (3.12): 



^div,NC 
[U(N)] 



= - h ld D x 



3g 2 N 
167r 2 e 



1 1 
Ag 2 g 2 . 
iN rl 1 1 1 
16^ U U ~ 2 h ~ 8 ts ~ 16 t9 
1 3 3 

Vl5 + -Vw + ^18 + ^19 



+ 



2g 2 N 

16% 2 6 

iN 



VV2JV 
1 



(ui + 2v 4 ) 



g 2 V2N 



(v 2 + 2v 3 ) 



16n 2 e\J2N 



3iN 



-t 



16 



So 1 1 

^5 - + 2W 8 - ^10 - 2^12 

0(h 2 ). (3.14) 



5127r 2 e 

Similarly, the SU(N) result obtained from the expressions in eqs. (3.8), (3.9), (3.11) and (3.13) 
is 



^div,NC 
[SU(N)] 



- h d u x 



167r 2 e 



1 1 

Ag 2 g 2 



iN rl 1 1 1 

16^ Lf 6 " 2 h ~ 8 t8 ~ 16* 9 



3iN 
5127r 2 e 



16 



+ 0(^ 2 ). 



(3.15) 



Equivalently, substituting the expressions in eqs. (3.1), (3.2) and (3.3), and adding the 
commutative contribution of eq. (3.4), we arrive to the following formula for the one-loop 
divergent part of the effective action at first order in the noncommutative parameters 



-pdiv 

1 MN)] : 

N 



2JL IU J a 2 JaftJfJ.i'J 2 J afij (3fj.J 



2g 



4g> 



+ 



lQir 2 e 
2g 2 Nh 

16n 2 e 

Nh 



[iTrA^A] 



Tr 



1 



Ag 2 V2N 



aP {g aP rf^ + 2g^f aP r)- 



1 



g 2 V2N 



r 



lQn 2 e 



Tr 



+ 



Nh 
16tt 2 ( 



(^=) 



Tr 



+ 2i6^u la f^X - U^u^D^^X - % -9^u la ^D^ pa X 



(3.16) 



+ 



Nh 



(-}=) 



167r 2 e Vv/^/V 
3i 



Tr 



i6^X^D a Xg, p + ^X-fD^gaf, + j^A 7 a/A9"^ 
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The corresponding expression in the SU(N) case is 

//3a 2 N r 1 h h 



N 

iTrXpX] 



lQn 2 e 



-Tr 



167T 2 e 

- -9^X la »°{Dpf pa , X}\ - -^9 a ^UrUM^X)k}M) + 0(h 2 ). (3.17) 

It is worth noting that, for N — 2 , all the terms with SU(N) fields whose traces yield factors 
d abc = 2TrT a {T b ,T c } in eqs. (3.16) and eq. (3.17) vanish. This means that all terms involving 
only SU(N) fields vanish; in the U(2) case, we are only left with SU(2)-U(1) mixed terms, while 
for the SU(2) theory the noncommutative divergences disappear. This fact is independent of 
the representation considered since, for a representation R of SU(N) , Tr^T a {T fe ,T c } oc 
Tr F T a {T\T c } . 

In the U(l) case, it is also clear from eqs. (3.16) and eq. (3.17) that, as in the SU(2) theory, 
the divergent part of the effective action reduces to its commutative counterpart. 



4 Analysing renormalisability 

In this section we will analyse whether the divergences in the effective actions, given in 
eqs. (3.16) and (3.17), can be subtracted from appropriate multiplicative renormalisations 
of fields and parameters and infinite shifts on the Seiberg-Witten map ambiguities &, L -see 
eq. (2.2). We will use the minimal subtraction scheme. The counterterms in the action that 
cancel the divergences of the effective action are trivially given by 

Were the theory to be renormalisable, these counterterms would arise from multiplicative 
renormalisation and from ambiguities of the SW maps, which, as will be argued, are equivalent 
to field redefinitions. We define the multiplicative renormalisation as 

a, = ^ 1/2 <> b^Zl'X, * = Zl /2 X R , u = ZlV, g = Z g g R , h = Z h h R , (4.1) 

with Zj = 1 + 5Zi . It is easily seen that gauge invariance forces 

SZ a = 0. 
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On the other hand, the SW map ambiguities at order h , © M and £ , are given by terms trans- 
forming in the adjoint representation of the gauge group, with the appropriate mass dimensions 
and index structure, involving a contraction with 6 a/3 ; under a U (N) gauge transformation 
of the fields with gauge parameter c = c a T a + -j^fC, they transform as 

s&^i^T^&^l sZ = i[c a T a ,Z}. 

We restrict ourselves to ambiguities that respect the parity transformation properties of the 
fields; doing so is justified since considering additional types of field redefinitions would yield 
terms in the modified action involving an odd number of t pvpa tensors, which do not appear 
in the divergent parts of the effective actions given in eqs. (3.16) and (3.17) and thus need not 
be considered when checking renormalisablity. The most general solution we found satisfying 
the specified requirements is of the form 

6 M = ^ + r M I,£ = L + Ml, (4.2) 

such that 

S, = yi 9 a(3 D,f a(3 + y 2 d«D v f va + y 3 9^{~\, ( 7q A)0 + iy^ p [\, + iy^ a u la \ 

+ y^vq^X, y k e JR, 
L =k 1 9 al3 {f a/3 , A} + k 2 9 a(S D 2 X + M a/ VL//^, A] + M a/ V{//^ A} + fc 5 a/ V{i^> D ^ X 
+ M Q/3 75{/«0, A} + k 7 ~9^ lb [f a ^ A] + fc 8 Q/ W + k 9 0^ la ^X + k w 6^ lb g^\ 

+ kue^fafiu + k 12 e a ^f^u + k 13 e a P l5 f aP u, h e c, (4.3) 

T M =z 1 a %g afi + z 2 Q«d v g vol + tz 3 6 a/3 u lliaf ,u + iz 4 Tre^[\, ( 7 ^A),], z k G R, 

m =he^g a(3 u + i 2 e^d 2 u + he^^g^u + ue a ^ a ^d p u + l 5 e^ l5 g aP u + l 6 Tre^{f aP , A} 

+ Z 7 TM a/ V{//^ A} + / 8 Tr^ 75 {/ a/3 , A}, l t e C, 

where 6 a/3 = \e af3p(T 9 p(T . In the U(N) case, since the enveloping algebra coincides with the 
Lie algebra, the previous ambiguities are equivalent to field redefinitions of & M ,a M , X,u. The 
ambiguities in the SU(N) case are obtained by setting 6 M = u = . Since in principle there 
still remain contributions along the identity operator after setting 6 M = u = in eq. (4.3), 
it would seem that the SU(N) ambiguities are not equivalent to field redefinitions, which 
would invalidate our arguments concerning the possibility of setting the ambiguities to zero 
at tree-level without losing generality when dealing with the renormalisability of the theory. 
However, in the SU(N) case it is easily seen that the contributions to the ambiguities along 
the identity, coming from the terms of eq. (4.3) proportional to y 4 , k±, k 4 , k 6 , z±, / 6 , Z 7 , / 8 , do not 
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yield modifications of the action at order h , so that these contributions can be ignored and 
the ambiguities can be thought as Lie algebra valued and thus equivalent to field redefinitions. 
Note that the field redefinitions proportional to 2/4, ki, k^, k$ not only yield contributions along 
the identity but also on the Lie Algebra, and thus still have to be taken into account. 



4.1 Commutative renormalisation 

The U(N) and SU(N) -N > 1- theories at order h = are multiplicatively renormalisable; 
the divergences appearing in eq. (3.4) -see also eq. (3.5)- can be absorbed by the following 
values of the renormalisation constants in eq. (4.1): 

«. = „, SZ.= W = SZ^-PL, (4.4) 

9 327r 2 e' 167r 2 e' 4vrV 16n 2 e V ; 

4.2 Renormalisation of the noncommutative bosonic sector 

Starting with the U(N) case, N > 1 , let us consider the order h noncommutative divergences 
only involving gauge fields in eq. (3.16). A key issue is that the ambiguities in the SW map 
given in eq. (4.3), when introduced in the action by means of eqs. (4.2), (4.3), (2.2) and (2.1), 
do not generate any purely bosonic terms. Thus the purely bosonic divergences can only be 
renormalised, if at all, by means of multiplicative renormalisations. In terms of the basis 
of gauge invariant terms given in eqs. (3.1), (3.2) and (3.3), the tree-level noncommutative 
contribution to the bosonic part of the action is 

c trcc,NC [,d { h , h h h h . . 

Srunsnibos = /« x \ T^i 9*2 H ; ^i , u 2 H —={v 1 + 2v A ) 

[U(N)]bos j y Ag2 g2 8q 2^2N 2q 2 V2N 4o 2 v / 2iV 



h 



g 2 V2N 



:v 2 + 2v 3 ^+0(h 2 ), (4.5) 



so that the counterterm action originated by the multiplicative renormalisations of eq. (4.1) 
would be, keeping in mind 5Z a = and suppressing the " R " superindices for simplicity: 



« bos = Jd D x((-25Z g + 5Z h ) ( A tl _ ^ 



+ ( - 25Z Q + 5Z h + -5Z b ) ( ^=«i f ^u 2 ) 

+ ( - 26Z g + 5Z h + Uz b ) (— !L=( Vl + 2v A ) - ~^={v 2 + 2v 3 ))) + 0{h\ 
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which should be made equivalent with minus the bosonic part of the divergent part of the 
effective action in eq. (3.14) 



^div,NC 



h h 





4g 



r 



2g 2 N 
167r 2 e 



h 



4g 2 V2N 



[vi + 2v A ) 



h 



gW2N 



>2 + 2v 3 ) 



[U(N)]bos- /- ~Vl67r 2 e 

+ 0(h 2 ). (4.6) 

For N > 3 , for which the terms t\ and t 2 are nonzero, this forces the three following identities, 

3g 2 N 



16n 2 e 


2g 2 N 



-2SZ g + 5Z h , 
-25Z g + 5Z h + hz b , 
-25Z a + 5Z h + l -5Z b . 



(4.7) 



167r 2 e 9 

Using the commutative results in eq. (4.4), the first equation implies 

sz h = 0, 

as has been obtained for a number of other noncommutative theories, but then the second and 
third identities in eq. (4.7) are not satisfied. In the N = 2 case, only the last two identities are 
relevant, since t± — t 2 — 0; again, they are incompatible with the 0(h°) results of eq. (4.4). 

From this we arrive to the first conclusions of our paper: the U(N) theory is not renor- 
malisable, for iV > 1 . In principle we have derived this only for our choice of gauge-fixing; 
to extend the result for arbitrary gauge-fixing, we have to consider the on-shell divergences, 
which are independent of the gauge-fixing. The equations of motion are of the form 



0(h), pu = 0(h), 



(4.8) 



h 



(pxy = -r^TrTV-PA M + he a ^T a ^{D p \ f, a } + o(h 2 ), 



where the details of the 0(h) part in the equations in the first line of (4.8) will not be relevant 
to our purposes. Since the bosonic divergences of eq. (4.6) -see eqs. (3.1) and (3.3)- do not 
involve covariant derivatives of field strenghts, it is easy to see that the on-shell conditions of 
eq. (4.8) cannot be used to relate the bosonic divergences in eq. (4.6) among themselves or 
with the fermionic divergences. Thus the on-shell bosonic divergences have the same form as 
in eq. (4.6) and the same conclusions about nonrenormalisability apply. 

However, in the large N limit, iV — > oo while keeping the 't Hooft coupling g 2 N finite, both 
the tree-level contributions in eq. (4.5) and the problematic divergences in eq. (4.6) associated 
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with the Ui terms are subleading, so that the second and third identities in eq. (4.7) need not 
be considered, and therefore the gauge sector is renormalisable in this limit with SZ^ = 0, in 
keeping with the expectations raised by the quantum behaviour of the SW duals of the NC 
U(N) theories in the enveloping algebra approach. 

In the SU(N) case, N > 3 , we only have the divergences coming from the U terms, 
which are multiplicatively renormalisable with 8Z h = ; thus, the SU(N) gauge sector is 
renormalisable, as has been obtained already for other NC theories in the enveloping algebra 
approach with different matter content [20], [21], [22], [23], [24], [25]. 

It remains to examine the renormalisability of the gaugino sector. Given the previous 
conclusions, it suffices to study only the large N limit of U(N) or the SU(N) theory for iV > 3 , 
since the U(N) theory fails to be renormalisable for finite N > 1 . 

4.3 Renormalisation of the noncommutative gaugino sector 

In the large N limit, given the decomposition in eq. (2.3), the tree-level interactions involving 
U(l) fields are subleading with respect to those of SU(N) fields, so that at leading order in 
N the U(l) fields are free. This is also reflected at the quantum level, since the divergences 
involving U(l) fields in the effective action in eq. (3.16) are subleading. Thus, for large N 
the U(l) fields can be neglected, and the problem of renormalisability is the same as for the 
SU(N) theory. The tree level part of the SU(N) action involving gaugino fields and taking into 
account the SW map ambiguities of eq. (4.3) restricted to the SU(N) case is given, for N >3 
and in the basis of gauge invariant terms of eq. (3.1), by 




i=3 
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Co — 


AjVtoh, AiTtpkn 






c 5 = 


- — 2me/c 4 , 




— — - + 2me/ci, 


c 7 = 


— 2iRe/c 4 , 


c 8 


= — 2*2/4 + Re/c6 + Tm£; 6 , 


c 9 = 


— -Re/c4 + Re/c6 + ilm£; 6 , 

Z 


C10 


= ^(2yi + lmk 3 - Rek 5 ), 


C u = 


i(% 3 -2y 2 + 2ImA;3-2ReA;5), 


C12 


= 2Rek 2 + 2ilmk 2 + 2Rek 6 + 2Reh 


Cl3 — 


-2ReA; 5 + 2Re£; 6 + 2Re£; 7 , 


C14 


= 2lmk 3 - 2ReA; 5 , 


Cl5 — 


2/3, 


Ci6 


= W4- 



The previous formulae follow from eq. (2.1), the SW map in eq. (2.2) for a M = and 
the ambiguities of eq. (4.3) for T fl = M = b fl = u = 0. The Dirac algebra identities in 
eq. (A. 2) were extensively used. The counterterm Lagrangian generated by the multiplicative 
renormalisations of fields and parameters of eq. (4.1) and by infinite shifts of the ambiguity 
parameters yi = yf + Syf 1 , k{ = kf + 5kf is given, for yf = kf = -recall that we computed 
the divergences in the effective action for zero values of the SW map ambiguities-, by 

h r 16 

^SU N (N) ]g a Ugi no = ~2 ^ + ^ ^ 

y J i=3 



sc 3 = 


—4i5Reka — 4i5Rek 2 , 


5C 4 


= -25lmk 2 , 


sc 5 = 


l -(-25Z g + 5Z X ) - 2i5Rek 4 , 




= - l -(-25Z g + 5Z X ) + 2i5Reh, 


5C 7 = 


— 2iSRek 4 , 


SC 8 


= —2i5y 4 + 5Rek 6 + iSlmk 6 , 


sc 9 = 


— 5Rek 4 + 5Rek e + iSlmk^, 

Z 


sc 10 


= ^(25 yi + 51mk 3 -SRek 5 ), 


sc u = 


l -{A5y 3 - 25y 2 + 25lmk 3 - 25Rek 5 ), 


sc 12 


= 25Rek 2 + 2i5lmk 2 + 25Rek 6 + 2SRek 7 , 


5Ci 3 = 


-25Rek 5 + 25Rek 6 + 25Rek 7 , 


SC 14 


= 251mk 3 - 25Rek 5 , 


5Ci 5 = 


$V3, 


5Ciq 


= i5y 4 , 



where the u R" superindices have been suppressed for simplicity and the result SZ h = of 
the previous subsection was used. 

For the theory to be renormalisable, the previous counterterm action has to be matched 
with minus the divergent part of the effective action in eqs. (3.15) and (3.17) involving gaugino 
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involving fermion fields, expressed in the basis of gauge invariant terms 



fields. This contribution 
of eq. (3.1), is 

F div,NC f,D ( iNh r 1 ^ l + l + 1 

1 gaugino\SU{N)\ ~ I" ' \ T7 - ~ ~Ui ~ ~'~ ~ 77^ " ~ r '> 



f, n / iiV/i rill 1 i 3iJV/i \ ^ /l2 . 



Matching eqs. (4.9) and (4.10), we get the following system of equations: 



: 5Rek 5 + 5Rek 2 = 



t 4 : 51mk 2 = 0, 



t 6 : ^(-25Z 9 + 5Z A )-2^ReA; 1 = ^, 



t 5 : ^(-25Z 9 + (5Z A )-22<5ReA;4 = 0, .„. 

iiVo 2 iiVo 2 
£ 7 : -2i5Re/c 4 = or> 9 , t 8 : -2i5y 4 + 5Rek 6 + iSlmka = — , 

« iiVg 2 

i 9 : — 5Re/c4 + <5Re/c6 + i5Im/c 6 = — , ti : 2fo/i + 5ImA; 3 — <5Re£;5 = 0, 

2 25o7r 2 e 

'(5ImA;2 + <5Re/c 6 + 5Rek 7 = 0, 



'9 
til 

fia : 
*15 : <fys = 0, 



: 45y 3 - 2(fy 2 + 25ImA; 3 - 2<5Re£; 5 = 0, t 12 : 5Rek 2 + it 

■SRek 5 + 5Rek 6 + 5Rek 7 = 0, tu : 5lmk 3 — <5ReA;5 = 0, 



tl6 : ^ 4 = "sT^rV 



(4.11) 



Projecting into real and imaginary parts, there are 17 real equations for 13 real variables, 

8yi, Sy 2 , Syz, Sy 4 , 5Rek±, 5Rek 2 , 5Imk 2 , dlmk^, 5Rek 4 , 5Rek$, 5Rek$, <5Im/c 6 , 5Rek 7 . 

Remarkably, the equations are not independent and there is a one-paramter family of 
solutions, 

Syi = 5y 2 = 5y 3 = 5lmk 2 = 5Rek 6 = 0, 
3g 2 N 

5ImA; 3 = 5ReA; 7 = — <5ReA;2 = 5Rek$, 
9 2 N 



<5Re/ci = 5Rek 4 = 



64ttV 



5lmkfi 



Ng 2 



2567r 2 e 



This shows that, at one- loop and order 9 , the U(N) theory in the large N limit and the 
SU(N) theory are renormalisable. 
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5 Conclusions 

In this paper we have calculated the 0(9) divergent part of the background field effective action 
for the classical dual under the Seiberg-Witten map of noncommutative M = 1 U(N) super 
Yang-Mills, as well as for the SU(N) theory that results from suppressing the U(l) degrees of 
freedom in the former U(N) theory. Our results can be summarised as follows: the quantisation 
of the classical dual under the Seiberg-Witten map of M = 1 U(N), N > 1 , super Yang-Mills 
yields an U(N) supersymmetric ordinary quantum theory that is not renormalisable -and 
neither is its gauge sector- for finite values of N . In the large N limit, however, the U(N) 
theory remarkably becomes renormalisable. On the other hand, the SU(N) theory for arbitrary 
N > 2 also turns out to be renormalisable. 

That both -i.e., the standard, quantised in terms of noncommuative fields, and the 9- 
expanded, defined by means of the Seiberg-Witten map- large N supersymmetric U(N) theories 
are one-loop renormalisable and have the same running coupling constant hints at the fact that 
the classical duality between noncommutative theories established by the Seiberg-Witten map 
may survive at the quantum level: as was mentioned in the introduction, the noncommutative 
U(N) super Yang-Mills theory, at one-loop and large N, is renormalisable and has a smooth 
QP" — > limit, and this behaviour is reproduced in the dual theory formulated by means of the 
Seiberg-Witten map. This is in agreement with previous studies regarding the survival at the 
quantum level of the Seiberg-Witten map duality, although they focused on UV finite theories 
such as noncommutative Chern-Simons [28]. 

On the other hand, the SU(N) result represents the first case in the literature in which 
a noncommutative theory in the enveloping algebra approach involving fermion fields turns 
out to be one-loop renormalisable at order 9 . This could be attributed to the consideration 
of Majorana fermions and a noncommutative covariant derivative involving a star product 
commutator, or perhaps, more likely, to the effects surviving in the large N limit of the super- 
symmetry present in the parent U(N) theory. Though the role of supersymmetry in the SU(N) 
case asks for futher analysis, the fact that the fermionic divergences can be renormalised, in 
contrast to the cases previously studied in the literature -in which the bosonic sector was 
found to be renormalisable, but not so the fermionic sector- suggests that a symmetry relating 
fermions and bosons may actually be present, making the corresponding divergences not in- 
dependent. Our result encourages the study of noncommutative models sharing features with 
the SU(N) theories studied here, with either Majorana fermions or supersymmetry in terms 
of noncommutative fields; it raises the hope of constructing renormalisable noncommutative 
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gauge theories in the enveloping algebra approach with matter fields. Also, the effect on the 
ordinary fields of the supersymmetry of the noncommutative fields in the SU(N) case is still 
not understood and needs further investigation. 
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A Lie algebra, Dirac algebra, Majorana spinors 



Following the notation of ref. [37], we denote the Lie algebra generators of U(N) in the fun- 
damental representation as T A = {T°, T a }, a = 1, . . . , iV 2 — 1, with T° = ^= and T a the 
standard SU(N) generators. The generators satisfy 

[T A , T B ] = i f ABC T c , {T A , T B } = d ABC T c , 

where f ABC are totally antisymmetric, with f abc having their usual SU(N) values and f 0BC = 
0, whereas d ABC are totally symmetric, d abc having their usual SU(N) values and d 0BC = 
^2/NS BC , d 00c = 0, d 000 = y/2/N. We will make use of the following identities: 

f ACD f BCD = Nc A 5 AB , 

j-DAE jEBF jFCD = (AJ) 
f DAE f EBF d FCD = JLtfBC^^ 

c A = l- 8a,o, d A = 2- c A . 

Concerning Dirac 7 matrices, satisfying {7^, 7™} = 2rf v ^ we use a basis of opera- 
tors in the space of spinors constructed from antisymmetrised products of these matrices: 
{7^,7^,7^,75}, with the following definitions 

-T = \ (7 V - 7 V) , i pup = I ( W V + i u i p i p + i p i p i v - i p i p i v - YYY - i p i u in , 

75 = W7V7V. 

In order to express products of 7 matrices in terms of the previous basis, the following identities 
can be used: 

= rf v + 7^, 
yyy — rf p Y - i] pp Y + rf v ^ p + 7^, 

^yYY = rf v r} Xp + rf p r) vX - rf x rf p + rf u Y P + rf p ^ vX - rf x ^ vp + rf x ^ pp - rf P Y X + r] Xp ^ pv 
- ie puXp l5 . (A.2) 

Majorana spinors are self-conjugate, satisfying 

A = CF, A = —\ T C~ 1 (A.3) 
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for a charge conjugation matrix C such that 

= 77.T.-. n; = i 

-1,^ = 7", 7^ 



Ct = C-\ C T = -C, = rtfi, Vi = { +l : T : - \ 75 '3^ (A.4) 



B Feynman rules for a = 1, 6j; ree = £ tree = 0. 

The background field legs are denoted by an encircled "b". We define the Feynman rules 
without symmetrising over these background field legs, which is consistent with the definition 
of the expansion of the effective action in terms of diagrams provided in eq. (2.12). Since we are 
doing one-loop calculations, only vertices with two quantum gauge fields contribute; vertices 
with one quantum gauge field are ignored since they do not contribute to 1PI diagrams. Since 
we are dealing with self-conjugate Majorana fermions, the vertices with Majorana fermions 
have to be symmetrised with respect to the conjugation of the interaction in each fermion 
pair, using (A.4) [38]. The Feynman rules used in our computations are then the following: 



•mW^w ~ ~ ia T' r % ' A — 1 3 ' B 

p 2 + ie p 2 + ie 



id 



AB 



p 2 + ie 



^\f ABC [r p (h -h- k 2 y + rfp{k z - k 2 y 

+ r r(k 2 -k 1 + k 3 y] 



k 
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X,C (V 




X,C (b 



2^2 



[f ABF f FCD (ri^ri vp - rf p rf x + ^V P ) 

jADF jFBC ^pu^Xp _ ^pX^vp _ ^pp^uXy^ 



f ACF f FBD^pu r] Xp_ r] pp r] uX )] 

^-^0 af3 d ABC ik«k 2 ■ k m ^rf p - k?k p k»r)^ 

- 2(k^k^k p r] up - k^k p k^ - h ■ hklrj^r)^ (B.l) 
+ ki ■ k^k^^rf^)] + (permutations of all legs) 



O a pd ABC <a P ) ij [-rrq p lP + WQaPp + rTp P Qp 



f^f^dF^h • fc^VV" - k p k x V ^ 



16<? : 

+ 4k^k^ p V X(i - 4{klk^ a V Xp - klk^ a V up 

- k P k^ a r]^ + A; 3 • M^VV) - 2{k%k^ x rf p 

- klklTf\ pfi - k^r] up r] Xa + ti^k^rf)] 
+ (permutations of all legs) 




—Oafsdph \\{d ACE f BDE - d BCE f ADE )[kUv^ pu - V p ^) + fcfiT^ 



2g 

+ ^ ^jADE jtBCE _ d BDE f ACE^ k a^ v pp _ ^p^ + l^^jfP] 

+ -d ABE f CDE [(p + qYrfrf^ + (p + q) a (r]^r] pu - 77" V)] 
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